Abstract. Let X be a smooth, closed, oriented non-spin 4-manifold with even intersection form kE 8 ⊕ nH. In this article we show that n ≥ |k| on X. Thus we confirm the 10 8 -conjecture affirmatively. As an application, we also give an estimate of intersection forms of spin coverings of non-spin 4-manifolds with even intersection forms.
Introduction
In 4-manifold theory, there are two fundamental questions of the existence and uniqueness of smooth 4-manifolds with the given intersection forms. It turns out that the classification of smooth oriented 4-manifolds up to diffeomorphism is very different from the classification of unimodular forms. In this paper, we investigate which even forms can be realized as intersection forms of smooth 4-manifolds. The algebraic classification of unimodular indefinite forms is simple. Indeed, Hasse and Minkowski showed that any odd indefinite form is equivalent over the integers to one of the m 1 ⊕ n −1 and any even indefinite form to one of the mE 8 ⊕ nH (n ≥ 0), where E 8 is the irreducible negative definite even form of rank 8 associated to the Lie algebra E 8 and H is the hyperbolic form of rank 2 (see [4] or [9] ).
In [3] , Donaldson showed that definite even forms cannot be realized as the intersection forms of smooth 4-manifolds. In other words, among all definite forms, only the diagonalizable ones over the integers can be realized. In case of the intersection forms of spin 4-manifolds, Furuta proved the following estimate: [5] ). Let X be a smooth spin 4-manifold with the intersection form 2kE 8 ⊕ nH. If n = 0, then we have n ≥ 2|k| + 1.
This theorem has been dubbed as the 10 8 -theorem for spin 4-manifolds. The 10 8 theorem is a partial result to the 11 8 -conjecture stating that in the above theorem we should have n ≥ 3|k|.
Recently, R. Lee and T.-J. Li investigated the intersection forms of smooth non-spin 4-manifolds X with even intersection form kE 8 ⊕ nH, and got a partial result to the covering tricks, they proved that under the conditions of the torsion part of H 1 (X, Z) we should have n ≥ |k|. However, the following conjecture has been widely believed to be true:
-conjecture). Let X be a smooth, closed, oriented non-spin 4-manifold with even intersection form kE 8 ⊕ nH. Then we have n ≥ |k|.
The purpose of this paper is to prove the above conjecture completely (see Theorem 3.1). Note that the Enrique surface is a non-spin 4-manifold with the intersection form E 8 ⊕ H and that its n-fold connected sum is also a nonspin 4-manifold with intersection form nE 8 ⊕ nH. Thus the lower bound of the conjecture is saturated.
The main ingredient to prove the conjecture is that we use a P in(2)-equivariant map induced from the Seiberg-Witten equations and compute the K-theoretic degree using the idea of J. Bryan in [2] . In case of spin 4-manifolds, we can always construct a P in(2)-equivariant map from the Seiberg-Witten equations for the trivial spin c structure. On the contrary, in case of non-spin 4-manifolds with even intersection forms, we can only construct an S 1 -equivariant map, when we fix a spin c structure. To circumvent this problem, we use the family of spin c structures to construct a P in(2)-equivariant map induced from the SeibergWitten equations. In fact, it turns out that it is enough to use only two spin c structures which correspond to each other via the well-known involution in the Seiberg-Witten theory (see [10] ). Once we construct a P in(2)-equivariant map, we can use the finite dimensional approximation of Furuta to get a P in(2)-equivariant map on the balls preserving the boundary of the balls. Now applying the tom Dieck's character formula to the map f * on the P in(2)-equivariant Ktheory induced from the P in(2)-equivariant map on the balls, we can easily figure out the K-theoretic degree of f * in the character ring R(P in(2)) of P in (2) . Since R(P in(2)) is a ring over the integers, all the coefficients of the K-theoretic degree are integers. This implies our inequality in the (
We organize this paper as follows. In Section 2, we set up basic notations, and prove important facts necessary for the proof of our main theorem 3.1. Section 3 is devoted to proving the main theorem of this paper. Finally we give an application about the intersection forms of spin coverings of non-spin 4-manifolds with even intersection forms in Section 4.
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Monopole Maps for non-spin 4-manifolds
For the rest of this note, we will assume that b 1 (X) = 0, due to the following lemma:
Lemma 2.1. Let X be a smooth, oriented 4-manifold with its intersection matrix Q X . Then there exists a smooth, oriented 4-manifold X ′ satisfying the following two conditions;
(
We will also use the following lemma in the proof of the main Theorem 3.1.
Lemma 2.2. Let X be a smooth, oriented non-spin 4-manifold with even intersection form. Then w 2 (X) has an integral lift which is in the 2-torsion part of
Proof: This is the Lemma 2.2 in [7] (see also [1] ). For the sake of completeness, we give its proof. We first consider the following universal coefficient sequences with integral and
. Recall that the homomorphisms h 1 and h 2 are related to the intersection form
where α is the Poincaré dual of a with either Z or Z 2 coefficients. Since the intersection form of X is even, it follows from (2.1) that h 2 (w 2 (X)) is trivial. Thus w 2 (X) comes from a unique element u ∈ Ext(H 1 (X, Z), Z 2 ). Since Z is mapped onto Z 2 , the map ρ is also onto. Thus we can choose v in the 2-torsion part of Ext(
. Then x is an integral lift of w 2 (X) and is in the 2-torsion part of H 2 (X, Z). This completes the proof.
As a consequence, one can choose a spin c structure L such that c 1 (L) is in the 2-torsion part of H 2 (X, Z). Note also that c 1 (L) 2 vanishes. Now, we will fix notations we use in this note. Let H be the quaternion numbers, Sp(1) the group of quaternions with norm 1, and S 1 the intersection of Sp(1) with C in H.
We can define five Spin Recall that we call the homotopy class of (P, T ) a spin c structure if
Similarly, we can define the twisted Clifford multiplicatioñ
In our case, the twisted Clifford multiplication is given bȳ
where p + : Λ 2 → Λ + is the orthogonal projection. Let A 0 be a fixed connection on L associated to the spin c structure P . Then we have the twisted Dirac operators
and
where ∇ 1 is the covariant derivative on Γ(S + ) induced from the Riemannian connection on T * X and the fixed connection A 0 on L, and ∇ 2 is the covariant derivative on Γ(T * X) induced from the Riemannian connection on T * X. We define the quadratic map
induced from the Spin c 4 -equivariant map
where V is the L approximation, and its finite dimensional approximation D λ ⊕ Q λ : V λ → W λ is also an S 1 -equivariant map satisfying the following two conditions; (1) for large enough λ, it does not vanish on the finite dimensional sphere in V λ of radius R with center 0, and (2) the image of the sphere is contained in W λ .
To construct a P in(2) symmetry, we have to use all or some spin c structures on X. Recall that P in(2) is the normalizer of S 1 in Sp(1), and it is generated by S 1 and j. In this note, we use only two spin c structures to construct a P in(2)-equivariant map induced from the monopole maps.
To do this, we have to recall the well-known involution map in the SeibergWitten theory. Let 
Let Spin c 4 (X) denote the set of all inequivalent spin c structures on X. Note that the twisting of ι induces an involution on Spin c 4 (X). In particular, the twisting of ι induces an involution on the set {L, L ′ = L −1 }, unless L is the trivial line bundle which is the case of the spin structure (see Lemma 3.7 in [6] ).
From now on, we will use the superscript prime to denote any objects of P In case a spin c structure is reduced to the spin structure, we take the trivial product connection A 0 , and the map D ⊕Q and its finite dimensional approximation have a P in(2) symmetry. Thus Furuta was able to prove the 10 8 -conjecture on spin 4-manifolds (see [5] ). Later, Bryan reproved and improved his results using the same P in(2) symmetry and the tom Dieck's character formula instead of the Adams operations, which is the method of this paper (see [2] for more details). Thus, without loss of generality, we assume from now on that the twisting ι induces a non-trivial involution on Spin c 4 (X). LetR be the unique non-trivial 1-dimensional representation, and H the representation which is the restriction of the standard representation of SU(2) = Sp(1) to P in(2) ⊂ Sp(1).
The purpose of this section is to prove the following theorem:
Theorem 2.4. Let X be a closed non-spin 4-manifold with even intersection form and b 1 (X) = 0. Assume that the signature σ(X) of X is non-negative and
. Then there are finite dimensional real P in(2)-modules V λ and W λ , a P in(2)-equivariant linear map D λ , and a P in(2)-equivariant quadratic map Q λ from V λ toW λ which satisfy the following conditions:
(1) There are P in(2)-modules
for some non-negative m and n. Proof: Consider the map
where
Using the finite dimensional approximations of D ⊕ Q and D ′ ⊕ Q ′ , we have a good finite dimensional approximation D λ + Q λ : V λ → W λ in that for large enough λ, it does not vanish on the sphere S R (V λ ⊕ V ′ λ ) of radius R with center 0 and its image of the sphere is contained in the finite dimensional vector space
Note from Lemma 2.3 that we can define a self map J on V and W, and thus on their finite dimensional approximations so that D + Q and its finite dimensional approximations are P in(2)-equivariant. This action J is not an involution, but is of order 4. Combining the obvious S 1 actions on V and W with the action J induces a P in(2) symmetry on V and W. It is clear that D + Q and its finite dimensional approximation are also P in(2)-equivariant maps. Now we take a spin c structure L such that c 1 (L) is in the 2-torsion part of H 2 (X, Z). This is possible by Lemma 2. 
where we used
λ are of the formR n andR n ′ for some n and n ′ as P in (2)-
Thus we have n ′ = n + 2(1 + b + ). As in [5] , we next claim that the image of D + Q is contained in a subspace of W of codimension 1. To show this, Let s 0 be the parallel section of
which corresponds to the Spin To finish the proof of this theorem, note from the construction of the finite dimensional approximation that the image of its finite dimensional approximation D λ +Q λ is also contained in a subspace ofW λ = W λ ∩s ⊥ 0 of codimension 1. Since Rs 0 isR as a P in(2)-module, we haveW λ = H m ⊕R 2b + +1+n . This completes the proof of (1) and (2). 3. Proof of the 10 8 -Conjecture
The purpose of this section is to prove the main theorem. Proof: We assume without loss of generality that the signature σ(X) of X is non-positive. By Theorem 2.4, we have
when we think of D as a map from V toW.
Using the finite dimensional approximations D λ + Q λ , we can construct a P in(2)-equivariant map
For the sake of our convenience, we drop the subscript λ, and let 1 and1 denote the complex 1-dimensional trivial and non-trivial complex representations of P in (2), respectively.
Let
, respectively. Applying the K-theory functor to f = f λ , we get
and there exists a unique element α f ∈ R(P in(2)) such that f * (λ(W C )) = α f · λ(V C ). Here λ(V C ) and λ(W C ) are the Bott classes of K P in(2) (V C ) and K P in(2) (W C ), respectively.
Since α f ∈ R(P in(2)), it has the form
where h i are the representations obtained using the relation h i h j = h i+j + h |i−j| with h 0 = 1 +1 and h 1 = H. Let ζ ∈ S 1 ⊂ P in(2) be an element generating a dense subgroup of S 1 . Since ζ acts non-trivially on H and trivially on1, clearly dim(V C ) ζ = dim(W C ) ζ , where (V C ) ζ and (W C ) ζ are the subspaces of V C andW C fixed by the element ζ, respectively. Applying the tom Dieck's character formula in [2] , we get
which implies that a 0 = −ã 0 and a i = 0 for all i ≥ 1.
On the other hand, since J acts non-trivially on both H and1, we have dim(V C ) J = dim(W C ) J = 0. Thus by the character formula we have
Thus we have a 0 = 2 2b + −2k ∈ Z. Hence b + ≥ k. This completes the proof of the 10 8 -conjecture.
Application: Intersection forms of Spin Coverings
The aim of this section is to apply our main Theorem 3.1 to the intersection forms of spin covering 4-manifolds of non-spin 4-manifolds with even intersection forms. Recently, R. Lee and T.-J. Li proved that every smooth non-spin 4-manifold with even intersection form has a 2 p -fold spin covering (see [7] for more details). Thus, using the multiplicative property of the signature and Euler characteristic we can prove the following estimate about the intersection forms of spin covering 4-manifolds. Proof: We assume that X has the intersection form lE 8 ⊕ mH with l, m ≥ 0. Then the signature and Euler characteristic of X are given by σ(X) = −8l, χ(X) = 2 − 2b 1 (X) + 8l + 2m.
Using the multiplicative property of the signature and Euler characteristic between X and M, we have σ(M) = 2 p σ(X), χ(M) = 2 p χ(X). Since M has the intersection form 2kE 8 ⊕ nH, it is easy to see from (4.1) that 2k = 2 p l and n = 2 p m + 2 p − 1 + b 1 (M) − 2 p b 1 (X). Now using the Theorem 3.1, it is immediate to get the desired inequality of the theorem. Now we close this section with a remark: if b 1 (X) = b 1 (M) = 0, then we have the inequality n ≥ 2|k| + 2 p − 1. For example, if H 1 (X, Z) is isomorphic to Z 2 p and the spin covering corresponds to the commutator subgroup of π 1 (X), then it is known that H 1 (M, Z) consists of only odd torsion elements. Thus we have b 1 (M) = b 1 (X) = 0 (see [8] ). Note that in this case the generator of the deck transformations is a spin action of odd type, since it acts freely on M and the quotient manifold X is not spin. It is also easy to show that the nondegeneracy condition b + (X i ) = b + (X i−1 ) (i = 2, 3, . . . , p) of Theorem 1.2 in [2] is automatically satisfied. Thus, if either b + (X) > 1 or p ≥ 4, then we can get the inequality n ≥ 2|k| + p + 1 of Bryan which has been the best known estimate until now. Hence in certain cases the inequality of Theorem 4.1 seems to be quite a good improvement.
